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Abstract 

An equivalent formulation of the von Neumann inequality states that 
the backward shift S* on £2 is extremal, in the sense that if T is a Hilbert 
space contraction, then < ||p(S*)|| for each polynomial p. We 

discuss several results of the following type : if T is a Hilbert space con- 
traction satisfying some constraints, then S* restricted to a suitable in- 
variant subspace is an extremal operator. Several operator radii are used 
instead of the operator norm. Applications to inequalities of coefficients 
of rational functions positive on the torus are given. 

Resume 

D'apres l'inegalite de von Neumann, l'operateur S* de translation en 
arriere est extremal : on a ||p(T)|| < ||p(S*)| pour chaque contraction 
hilbertienne T et chaque polynome p. Nous demontrons que, pour les 
contractions hilbertiennes verifiant certaines contraintes, la restriction de 
S* a un sous-espace invariant est un operateur extremal. 
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Introduction 



Let T be a Hilbert space contraction, that is a bounded linear operator of norm 
at most one on a complex, separable Hilbert space H . A well-known inequality 
due to J. von Neumann |vNj asserts that 

\\P(T)\\ < blloc, (0.1) 

for every polynomial p € C[_X"]. Here 

b||oo=sup{|p(z)| :z£C,\z\ <1} 

is the supremum norm of p, while 

\\P(T)\\ = \\P(T)\\ B{H} 

is the operator norm of p(T) in B(H), the C*-algebra of all bounded linear 
operators on H. The same inequality extends for functions in the disc algebra 
A(D) and, if T is a completely non-unitary (c.n.u.) contraction, it extends to 
bounded analytic functions / £ H°°(B) [NF] , Recall that a c.n.u. operator is 
one which has no unitary direct summand |NFj . 
Denote by S the forward unilateral shift on d 2 , 

S(xq,xi,- ■ ■ ) = (0,x ,xi, • • • ), 

and by S* € B(£ 2 ), 

S*(xo,xi,- ■ ■ ) = (xi,xz, ■ ■■), 

its adjoint (the backward shift). 

An equivalent formulation of the von Neumann inequality l|0.1|l is the fol- 
lowing : for every Hilbert space contraction T and every polynomial p we have 

\\p(T)\\ B (H) < \\p(S*)h(vy (0.2) 

We say that S* is extremal. A proof of the inequality H0.2J1 will be sketched in 
Section 2. 

We will discuss several results of the following type : if T is a Hilbert space 
contraction satisfying some constraints and w is an operator radius, then there 
exists a suitable invariant subspace E of S* such that 

w(p(T)) < cj(p(S* | E)), 

that is S* restricted to a suitable invariant subspace is an extremal operator. 

Several results of this type are known in the literature. The following result 
was proved by V. Ptak |P1| . |P2j in a particular case ; the general case was 
proved by Ptak and N.J. Young |PYj . Suppose that p and q are arbitrary 
analytic polynomials. Let T be a Hilbert space contraction of spectral radius 
smaller than one and suppose that q(T) = 0. Then 

||p(T)||<||p(S*|Kerg(S*))||. 
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The following extension was given by B. Sz.-Nagy jNj. Let / and g be two 
functions in if°°(0). Let T be a Hilbert space c.n.u. contraction such that 
g(T) = 0. Then 

||/(T)||<||/(S*|Ker fl (S*))||. 

An equivalent form of the Sz.-Nagy's result was stated by J. P. Williams |Wj ; 
Williams' proof is given in the survey paper |P3| . 

An apparently unrelated inequality due to U. Haagerup and P. de la Harpe 
[HHj asserts that each bounded linear nilpotent contraction T with T n = 0, 
n > 2, satisfies the inequality 



lo 2 (T) < cos- 



1 



(0.3) 



Here w 2 (T) denotes the numerical radius of T defined by 

co 2 (T) = sup{|(Tx|x)| : x G H, \\x\\ = 1}. 

To see how the Haagerup-de la Harpe inequality fits into the present frame- 
work, let S* be the nilpotent Jordan cell 
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on the standard Euclidean space C™. Then |OR| cos(7r/(n + 1)) = W2(S^) and 
5* is unitarily equivalent to S* | C™ = S* \ Ker u n (S*), where u n (z) = z n . 
Therefore the inequality of Haagerup and de la Harpe states that if u n {T) = 0, 
then 

wa(T) < lo 2 {S* | Ker u n (S*)) . 

We refer to |Wul ISul IPoj for recent papers related to this inequality. 

In |HH| . inequality H0.3J1 is shown to be equivalent to an inequality, due to 
L. Fejer (1915), for the first coefficient c\ of a positive trigonometric polynomial 
T,jZi n +iCje ijt , namely 

|ci| < c cos( — — ). 

71+1 

We will prove other inequalities for coefficients of rational functions positive 
on the torus or for coefficients of positive trigonometric polynomials which are 
related to our constrained von Neumann inequalities. In particular, we obtain 
(Theorem [QJ the following inequality for the sum of the absolute value of two 
coefficients of a positive trigonometric polynomial of degree n : 



1/2 
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\ck\ + \ci\ < CO 1 + 
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for any distinct numbers k and I among {0, . . . , n — 1}. 



Organization of the paper. We consider in the first Section two classes 
of operator radii, called admissible and strongly admissible radii. The operator 
norm and the numerical radius belong to both classes as well as the more general 
radii u> p for p < 2. We prove in Section 2 some constrained and unconstrained 
von Neumann inequalities for (strongly) admissible radii using the construction 
of analytic models of | AEM| , In Section 3 we prove some constrained von 
Neumann inequalities for radii which are associated to some bundles of operators 
; these radii are not necessarily admissible. The constraints in Section 2 are of 
algebraic type (p(T) — or P(T*,T) — 0) while in Section 3 they are of the 
type u(T) = for a inner function u. Several applications of the above general 
constrained von Neumann inequalities are given in Section 4. Applications to 
bounds of positive rational functions are presented in Section 5. In the last 
section we discuss constrained von Neumann inequalities with different type of 
constraints. 

1 Admissible and strongly admissible operator 
radii 

Admissible operator radii. In this paragraph w denotes a family of so- 
called operator radii w = {wh}, one for each separable Hilbert space under 
consideration. An operator radius wh is a map from B(H) to [0, +oo]. For 
T G B(H) we simply write w(T) instead of the more correct Wh(T) and say 
that w is an operator radius, or simply a radius. 

1.1 Definition. A radius w defined for all Hilbert space operators with values 
in [0, +oo] is called an admissible radius if it satisfies 

(i) (unitary invariance) w(U*TU) = w(T) for each unitary U : K — *• H 
and each T 6 B(H) ; 

(ii) (isotonicity for restrictions) if T £ B(H) and E C H is invariant for 
T, then w(T \ E) < w(T) ; 

(iii) (ampliation) if denotes the countable orthogonal sum T © T ® • • • , 
then to(T(°°)) =w(T), 

The order on the extended interval [0, +oo] uses the usual conventions. In 
most examples we are looking for radii with finite values. 

1.2 Remark. Suppose condition (i) holds. Then the ampliation axiom (iii) is 
equivalent to 

(iii') w(T^ n >) — w(T), for n finite or n = oo, 
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where denotes the orthogonal sum of n copies of T. Indeed, there is a 
unitary equivalence between (T^ n ')^°°' and T^°°\ By |FH1 Lemma 15], the 
ampliation condition is also equivalent to w(T ® I E ) — w(T), where T £ B(H) 
and T®I E £ B(H ® E). Here I E is the identity on E. We refer to |FH] for 
other possible axioms of operator norms and several examples. 

Note also that half of condition (hi), namely w{T) < w{T^°°^), is implied by 
conditions (i) and (ii). 

Let T = {Fh} be a collection of Hilbert space operators, that is for each 
considered separable Hilbert space H, Th = T C\ B{H) is a given set. 

1.3 Definition. Let T be a collection of Hilbert space operators. We say that 
T is admissible if it satisfies 

(i) (unitary invariance) if T S T n B(H) and U : K — > H is unitary, then 
U*TU n B(K) ■ 

(ii) (stability for restrictions) if T £ T n £?(i7 ) and E C i? is invariant for 
T, then T \ E £ T \ 

(hi) (ampliation) if T £ T n then T^ 00 ' e J\ 

Radius associated to a collection of operators. Let J 7 be a collection 
of Hilbert space operators. Define the radius associated to T by setting, for 
TeB(H), 

wjr(T) := inf{r > : £ T C\ B(H)}. 

1.4 Proposition. The radius associated to an admissible collection is an ad- 
missible radius. 

Proof. Let T be an admissible collection. In order to show the unitary invariance 
of wjr let T £ B(H) and let U : K — ► H be a unitary operator. Fix e > 0. 
There exists r = r(e) such that < r < wjr{T) + e and ±T £ T n By 
the unitary invariance of JF, we have ^U*TU £ T n B(K). This shows that 
wjr{TJ*TU) <r< wjr(T) + e. Since e > is arbitrary, we get 

wr{U*TU) < wr{T). (1.1) 

Replacing in this inequality T by J7IT7* we obtain wjr(T) < w r {UTU*) ; 
replacing now f7 by 17* we get 

wAT) < wr{U*TU). (1.2) 

Using ll.ljl and lll.2|) we get that Wf is unitarily invariant. 

The inequalities w r (T \ E) < w r (T) and wjr{T {co ^) < w r {T) can be proved 
as 11. H by using the stability for restrictions and the ampliation axiom for 
J 7 , respectively. Since T is unitarily equivalent to a restriction of T^°°' to an 
invariant subspace, we also obtain wr(T) < w r {T [co) )- Thus wjr is admissible. 

□ 
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In order to present some examples of admissible collections, we introduce 
the following notation. If z is the variable in the complex plane C, we denote by 
P(C) the algebra of all complex polynomial functions in z and z. If T e B(H) 

and P £ P(C), P(z, z) = J2 a ,f3 c a ^z a z(\ we set 

P{T\T) =Y,c a ,pT* a T> 3 . 

This is part of the so-called "hereditary functional calculus" |Alj which is briefly 
described in the next section. We denote by a(T) the spectrum of an operator 
T e B(H). 

1.5 Theorem. Let {P\}agA be a family of elements in P(C). 

(a) Let T be the collection of operators defined by the following positivity 
conditions 

T ef fl B(H) if and only ifP x (T*,T) > (A e A). 

Then T is admissible. 

(b) Define the collection Q by 

T eGn B(H) if and only if a(T) C D and P\{T\T) > (A e A). 
Then Q is admissible. 

Proof. Let U : K — > H be a unitary operator and let T S B(H). For each A e A 
we have P\(U*TU) = U*P\(T)U. Therefore T is unitarily invariant. If E is an 
invariant subspace for T, then (T | Ef = (T^) | E and (T \ E)* a = P E T* a \ E, 
where Pe is the orthogonal projection onto E. This shows that for each A £ A we 
have P\{T \ E) = PeP\{T) | E, yielding the stability to restrictions property. 
The ampliation condition follows from the equality P X (T^) = P A (T)(°°). 

For the second part, note that the spectrum satisfies a(U*TU) = <j{T) and 
0.(^(0°)) = a ( T ). Let now T G B(H) with a(T) CI. Let R = T \ E e i3(P), 
where P is an invariant subspace of T. Thus the matrix of T with respect to 
the decomposition H — E © E 1 - has the form 



and thus 



T 



rj-rn 



R * 
* 

R n * 
* 



This implies ||P"|| < ||P™||, so the spectral radius of R is at most one. This 
completes the proof. □ 

1.6 Remark. Part (a) of the above Theorem also holds for more general pos- 
itivity conditions, obtained by considering polynomials in z and z with matrix 
coefficients. We omit the details. Bounded collections satisfying such more 
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general positivity conditions were characterized by J. Agler |A2| as bounded 
collections which are closed with respect to direct sums, with respect to unital 
C*-algebraic representations and stable for restrictions. We refer to |A2j for the 
exact definition and for several examples of such collections. 

Operators of class C p . The main examples of operator radii we will use 
are the operator radii associated to the collection of operators of class C p . 

Operators in the class C p are defined as operators having p-dilations : T S 
B(H) is in C p , p > 0, if there exist a larger Hilbert space K D H and a unitary 
operator U G B(K) such that 

T"h = pP H U n h, heH . 

Contractions are operators of class C\ and operators in C2 coincides with nu- 
merical radius contractions, that is operators T such that uj 2 (T) < 1. We refer 
to [NF] and [Ej for more information. 

The operator radius uj p associated to the class C p is then defined by 

u p (T) = inf{r : r > 0, e C p } . 

It is determined by the conditions that it is homogeneous (ui p (zT) = \z\u> p (T) 
for all complex z) and that uj p (T) < 1 if and only if T € C p . Then wi(T) = ||T|| 
and u>2 is the numerical radius. It can also be proved that the limit of ui p (T) as 
p — > 00 is the spectral radius of T. 

The radius u p is a (Banach space) norm if and only if p < 2. It is not an 
algebra norm ; however, we always have |NF| uj p (T n ) < uj p (T) n . 

1.7 Corollary. The radius ui p is admissible for any p > 0. 
Proof. An operator T is in the class C p [NFj, [E] if and only if 

||a;|| 2 - 2 ^1 - Re [z<Tx\x>] + (l-^j \z\ 2 \\Txf > 

for every x € H and every z G D. Therefore it suffices to set 

Px(z,z) = l- (l-^jXz- (l-^\\z+ (i-^) \M 2 zz (A SB) 

in Theorem 1 1.51 Part (a). □ 

Strongly admissible operator radii. The following definition gives a 
smaller class of admissible radii. 

1.8 Definition. A radius v defined for all Hilbert space operators with values 
in [0, +00] is called a strongly admissible radius if it satisfies 
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(ii') (isometry growth condition) For any isometry V : K — > H and any 

T e we have !/(FTF) < v(T). 

(iii) (ampliation) v(T^) = v(T) for every J . 

1.9 Proposition. An operator radius v is strongly admissible if and only if it 
satisfies 

(i) (unitary invariance,) v{U*TU) = v(T) for each unitary U : K — > H 
and each T e B(H) ; 

(ii') (isotonicity for compressions^ If T G B(H), if E is a closed subspace 
of H and R — P E T \ E, then v{R) < v(T). 

(iii) ('ampliation; We have v{T {co ^) = v(T). 

In particular, each strongly admissible radius is admissible. 

Proof. Suppose that v is strongly admissible. Let T <G B(H) and let U : K — > H 
be a unitary operator. Using the isometry growth condition for the isometry U 
we obtain v(T{) < v(T), where T\ = U*TU. The isometry growth condition for 
U* yields v{UT-JJ*) < v{T{). Therefore 

v{T) = viUTxU'*) < i/(Ti) < v{T) 

showing the unitary invariance. The isotonicity for compressions is obtained 
from R = J*TJ, where J : E — > H is the inclusion Je = e. 

For the converse implication, note that every isometry V : K — ► H can 
be written as V = JU, where U : K — > V(K), Uk = Vk, is unitary and 
J : V(K) — > H is the inclusion map. Then 

v(V*TV) = v{U*J*TJU) = v{J*TJ) = v{P v(K) T \ V{K)) < v{T). 

The proof is now complete. □ 

A counterpart notion of strongly admissible collection of operators can be 
introduced as a collection which satisfies the unitary invariance, the stability for 
compressions and the ampliation properties. The radius associated to a strongly 
admissible collection is strongly admissible. We omit the details. 

1.10 Proposition. Let p > 0. The radius w p is stongly admissible if and only 
if P < 2, if and only if w p is a norm. 

Proof Suppose p < 2. Recall that T e C p if and only if P A (T*,T) > for all 
A e D, where 

P x {z,z) = l- (l-^jXz- (l- J) Xz + (l-f) l A l 2 ^- 
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The isometry growth condition for w p follows from the fact that V*TV G C p 
whenever p < 2, T £ C p and V : K —> H satisfies V*V = Ik- Indeed, we have 

P X {V*T*V,V*TV) = I- (l - -^j XV*T*V- (l - -^j XV*V 

1 - - ) \\\ 2 V*T*VV*TV 
P) 

= V*Px(T*,T)V+ ^- - l^j |A| 2 V* [T*(I-VV*)T] V. 

Suppose now p > 2 and let b > be a fixed, arbitrary positive number. 
Consider the following 2x2 matrix 



T 



1 b 
-1 



We have \AN\ Theorem 6] 




^ + l + p(p-2)]; 



in particular W2(T) = [\b\ 2 /4 + l] 1 / 2 . We can find a vector e e C 2 such that 
||e|| = 1 and W2(T) = |< Te \ e >|. Denote by V the isometry from C into C 2 
defined by V(z) = ze. We have V*TV =< Te \ e > e ® e. Therefore 



u; p (V*TV) = |< Te | e >| = y/ 1 | 2 /4 



1. 



We have w p (V*TV) > w p (T) for any p > 2. It follows that u> p is not a strongly 
admissible radius if p > 2. Recall [NFJ also that w p is a norm if and only if 
p < 2. □ 

1.11 Remark. There are other interesting examples of admisible and strongly 
admissible radii. For instance, if 

W(T) = {(Tx\x}\ :x£H, \\x\\ = 1} 

denotes the numerical range of T, then the diameter of W(T) 

diam W(T) = sup{|A - p\ : A, p e W{T)} 

is a strongly admissible radius. Indeed (see for instance [GRJ for properties 
of the numerical range), we have W{U*TU) = W{T), W(P E T \ E) C W{T) 
and W(T^°°' > ) = W(T). Note also that the sum, or even convex combinations, 
of (strongly) admissible radii are (strongly) admissible. For instance, T — > 
||T|| + diam W(T) is strongly admissible. 
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2 (Constrained) von Neumann inequalities using 
analytic models 

The existence of a model for contractions is a key result in Sz.-Nagy and Foias 
dilation theory. In particular, a Hilbert space contraction with spectrum con- 
tained in the open unit disc is unitarily equivalent to a restriction of the back- 
ward shift of infinite multiplicity to an invariant subspace. This implies easily 
inequality <0.2t for strict contractions. If T is an arbitrary contraction, then, 
for any real r < 1, inequality llf).2|) holds for the strict contraction rT. Making 
r^lwe obtain H0.2J1 for all contractions. 

We show in this section how the existence of a model implies at once von 
Neumann and constrained von Neumann inequalities for different admissible 
radii. We use the recent construction of analytic models for n-tuples of operators 
due to Ambrozie, Englis and Miiller [AEM]. 

Hilbert spaces associated to a domain. We recall the context of jAEM| . 
with some change of notation. We refer to |AEMj and the references cited therein 
for more information. 

Let D be a nonempty open domain in C™. Set D* = {z : z € D}. Let H be 
a D- space, that is H is a Hilbert space of functions analytic on D such that 

(a) Ti. is invariant under the operators Zj, j = 1, . . .n, of multiplication by 
the coordinate functions, 

(Z j f)(z) = z j f(z) ■ fen,z = ( Zl ,...,z n )eD. 

(b) For each z £ D, the evaluation functional / — > f(z) is continuous on H. 

(c) C(w, z)^0 for all z G D and w £ D* . 

Here C(w, z) is the reproducing kernel of H, that is C(w, z) = C^y(z), for z G D 
and w € D* , where Cq is a function in H such that /(C) = (/ | Cf), / € H (we 
use (b) and the Riesz representation theorem). 

Let H be a Hilbert space. Denote hyH.®H the completed Hilbertian tensor 
product. Consider the multiplication operators M Zj on H ® H defined by 

M Zj = Zj (8) I H ; j = l,...,n. 

Set 

Z=(Z 1 ,...,Z n )eB(H) n ; M z = (M zl ,...,M Zn )eB(H®H) n . 

Let T = (Ti, . . . , T n ) be a commuting tuple of operators. Denote by cr(T) 
the Taylor spectrum of T, and let 

Mt = (Tr* , ■ ■ ■ Tt* , Rti j ■ ■ ■ -Rt„)- 
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Here La(X) = AX and Ra{X) — XA are the left and right multiplication 
operators by A on B(H). Let F be a analytic function on a neighborhood of 
o-(M T ). Define F{T*,T) € B(H) by F(T*,T) = F(M T )(I). 

If z — (zi,...,z n ) is the variable in complex Euclidean space C", we de- 
note by P(C n ) the algebra of all complex polynomial functions in z\,. .. ,z n , 
Z!,...,z n . If F(w,z) = w a z 13 , then F(T*,T) = T* a T? = P(T*,T) for P(z, z) = 
F(z, z) e P(C n ). We use the usual notation T@ = rf 1 ■ ■ ■ T& n for = (ft , . . . [3 n ) € 
Z" and the like. Note that this differs slightly from |AEMj where T* is written 
on the right. 

Axiom (AEM). We will sometimes suppose that H satisfies Axiom (AEM), 
that is H is a D-space such that the polynomials are dense in H and ^ is a poly- 
nomial. Let (ipk) be a fixed orthonormal basis for Ji consisting of polynomials 
such that any finite polynomial is a finite linear combination of ipk ■ Set 

+00 ^ 

fm(w,z) = ^ i>k{w) — (w,z)4>k(z). 
k—m 

When D = D is the open unit disk and H is the Hardy space H 2 = H 2 (B) 
of the unit disk, then C{w,z) = (1 — wz)^ 1 and M* is the backward shift of 
multiplicity dimif. In this case H satisfies axiom (AEM) with ip k {z) = z k and 
f m (w,z) = w m z m . We refer to [AEM] for other examples. 

Unconstrained von Neumann inequalities for operator radii. We 

use notation as above. 

2.1 Theorem. Let T — (T\, . . . , T n ) £ B(H) be an n-tuple of commuting oper- 
ators. Suppose T and 7i satisfy one of the following two conditions 

(i) H is a D-space, er(T) C D and ^(T*,T) > ; 

(ii) H. is a D-space satisfying Axiom (AEM), ±{T*,T)>0 ana 

lim/ m ((T*,T))/i = 

m 

for every h e H . 

Let p(z) = X^aez** cpz 13 be a fixed polynomial in the variable z € C™ and let 
P(w,z) = Yla 0ez n c a,pw a z 13 be a fixed polynomial in two variables. If oj is an 
admissible radius, then 

w(p(T)) < w(p(Z*)) ; 
if v is strongly admissible, then 

v{P{T\T)) < v(P(Z,Z*)). 
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Proof. Suppose T satisfies (i) or (ii). In either case, using f^KMl Corollary 
7,Corollary 15], there is an isometry V : H -> H®H such that VTj = M*.V for 
j = 1, . . . , n. Note again that some care has to be taken when using the results 
of |AEM| because of the change of notation. This implies 

v P (T) = p (m;)v. 

In particular, VH is invariant under M* and T 13 is unitarily equivalent to the 
restriction of M* 13 to the invariant subspace VH. Since uj is admissible, we have 

w(p(T)) = u{ P {M* z ) | VH) < u(jp{M* z ). 

Using the ampliation axiom for u> and the fact that M* = Z* ® Ih , we obtain 

cu(p(T)) < u{p{Z*)). 

For the second part of the theorem, note that with respect to the decompo- 
sition H®H = VH ® VH- 1 -, we can write 

-( t : :) - * - ( T : : ) ■ 

This shows that 

T* a T = P VH M?Mf\VH. 
Since v is strongly admissible, we have 

u(P{T*,T)) < v{P{M z ,M*)) = v{P(Z, Z*)). 

The proof is complete. □ 

Constrained von Neumann inequalities. We start with a constrained 
von Neumann inequality for admissible radii. 

2.2 Theorem. Let D be an open domain in C n . Suppose Hilbert space Ji of 
functions analytic on D and an n-tuple of operators T satisfy one of the two 
conditions (i) and (ii) in Theorem, \2.1\ Let p and q be one variable polynomials 
in n variables and suppose that q(T) = 0. If to is an admissible radius, then 

u{p{T))<uj{p{Z*\Kerq(Z*))). 

Proof. We use the notation of (the proof of) Theorem 12.11 Recall that T' 3 is 
unitarily equivalent to the restriction of M*' 3 to the invariant subspace VH and 
Vp(T) = p(M*)V. Since q(T) = 0, we have 

= Vq{T)h = q{M*)Vh 

for any he H. This shows that VH C Ker q(M*). Therefore 

u>(p(T)) = cj( P (M* z ) | VH) < cj( P (M* z ) | Ker q(M* z )). 
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By the ampliation axiom and the equality 



M* | Ker q{M* z ) = [Z* | Ker q{Z*)} ® I H , 

we get 

w(jp{M*) | Ker q{M* z )) = u(p(Z* | Ker g(Z*))). 
This completes the proof. □ 

In some applications it is possible to avoid the hypothesis 

lim/ m ((T*,T))/i = 

rn 

in condition (ii) in Theorem 12, II We refer to Corollary 14, II and Corollarv l4.6l for 

examples of results of this type. 

The following result is a constrained von Neumann inequality for strongly 
admissible radii. Recall that E C H is said to be invariant for the n-tuple 
(Ti, . . . ,T n ) e B{H) if TjE C E for each j. 

2.3 Theorem. Let D be an open domain in C™. Suppose Hilbert space H 
of functions analytic on D and an n-tuple of operators T satisfy one of the 
two conditions (i) and (ii) in Theorem \2.1\ Suppose also that each operator 
Zj e B(H) is an isometry. Let P and Q be two elements of P(C n ) and suppose 
that Q(T*,T) — 0. There exists an invariant subspace E for Z* G B(Ti.) n such 
that, for each strongly admissible radius v, 

v{P{T*,T))<v{P(Z E ,Z* E )), 

where Ze is defined by setting Z E := Z* \ E. If n = 1, if Q is of degree less or 
equal than d and if Q{e~ rt , e lt ) ^ for some t 6 1, then the dimension of E is 
less or equal than 2d. 

Proof. Let Q be a polynomial in P(C") of degree at most d, that is, the maximal 
power at which each Wj and Zj occurs is at most d. Recall from the proof of 
Theorem O that 

T *« T /3 = p VH M*Mf\VH 

and thus P{T*, T) = J*P{M Z ,M*)J, where J denotes the inclusion J : VH -> 
TL® H. The same equality, using the fact that Q(T* ,T) = 0, implies that 
the subspace V(H) is contained in Ker Q{M Z ,M*). Since each Zj and thus 
each M Zj is an isometry, we get that Ker Q(M Z , M* ) is included in Eq = 
Ker {M* d Q{M Zl M* z )) which is invariant by M* z . Denote 

E = Ker {Z* d Q(Z, Z*)) 

which is invariant under Z* . Then, using the properties of the strongly admis- 
sible radius v, we obtain 

v{P{T*,T)) = v(J*P(M z ,M*)J)=v(J*P Eo P(M z ,M*)P Eo J) 

< V {P Eo P{M Zl M* z )P Eo ) - v(P Eo {P(Z, Z*) ® I]P Eo ) 

= v(P E (p(Z, Z*)P E (8 7) = v{P E (p{Z, Z*)P E ) 

= v{p{Z E ,Z* E )) 
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where Pe and Pe are the orthogonal projections onto Eq, respectively E, 

Finally, if n = 1 and if Q is of degree less or equal than d, then Z* d Q(Z, Z*) 
is a polynomial in Z* of degree less or equal to 2d. Thus E, the kernel of 
Z* d Q(Z, Z*), is a subspace of dimension no greater than 2d, unless Z* d Q(2', Z*) 
is the null operator. This occurs if and only if e lds Q{e~ is 1 e ls ) — for every 
s e M. The last equality is impossible if Q(e~ tt ,e lt ) ^ for some t G R. The 
proof is complete. □ 

3 Inequalities for radii associated to bundles of 
operators 

Constrained von Neumann inequalities for some operator radii which are not 
necessarily admissible are obtained in this section. The method also gives a 
different proof of constrained von Neumann inequalities for the radii uo p . 

Notation. We denote by D(a,r) the open disc of radius r and center a. 
Let T be the boundary of D = D(0, 1). The spaces L p = L P (T), 1 < p < oo, are 
the usual Lebesgue function spaces relative to normalized Lebesgue measure on 
T. The spaces H p = H P (T), 1 < p < oo, are the usual Hardy spaces. Denote 



For a given inner function u, denote H (u) = H 2 uH 2 and consider the 
operator S(u) S B(H(u)) defined by 



Recall that Z is the operator of multiplication by z — e 10 on H 2 . A proof 
that S(u) and the extremal operator S* \ Ker (u(S)*) are unitarily equivalent 
follows from the fact that they have the same characteristic function |NF| ; a 
direct proof can be found in |P3| . 

If T € B(H) is an absolutely continuous contraction, then, for any x,y £ 
H, there exists a function x T .y £ L 1 with the nth Fourier coefficient given by 
(T* n x | y) if n > and (T~ n x | y) if n < 0. 

Let T be an operator whose spectrum is included in the closed unit disc. 
Consider the operator kernel K a (T) defined by 



For an absolutely continuous contraction T, < K rc:>Lp ^{T)x \ y > converges 
almost everywhere to x T .y when r goes to 1. 

Recall that a contraction T e B{H) is said |NFj to be of class Co if T is 
c.n.u. and there is a nonzero function / in H°° such that f(T) — 0. Then there 
is a unique (up to a constant factor of modulus one) nonconstant inner function 




S(u) = P H(U) Z | H{u) . 



K a {T) = (I - aT)- 1 + (I - aT*)- 1 - /; \a\ < 1. 



14 



u, called the minimal function of T, such that u(T) = 0. The minimal function 
of S(u) is u. 

Bundles of selfadjoint operators and associated radii. Recall the 
following result. Let p > 0. An operator T G B(H) whose spectrum is included 
in the closed unit disc is in C p if and only if |CF| K a (T) + pi > I for any a G D. 

3.1 Definition. Suppose a collection TZ of bundles of self-adjoint operators is 
given, that is, for each separable Hilbert space H there is a map 

K H : © x B(H) 3 {a, A) -> R a (A) G B(H) 

with R a {A) = R a (A)* . The collection /C = JC-ji associated to TZ is defined by 
setting 

A G JC n B{H) if and only if a {A) C D and iT a (A) + > 7 (agD). 

The operator radius associated to /C = IC-r is then 

wjc(i4) = inf{r > : -A £ JC n }. 

r 

3.2 Example, (a) Let p > 0. For the bundle 1Z given by R(a) = pi, the class 
JC-r coincides with the class C p . 

(b) Let A be an positive invertible operator and set R(a) = A. Then the 
associated collection K-n coincides with the class Ca introduced by H. Langer 
(cf. jNFj p. 54]). 

(c) Let ip be a function in H°°{p) and let v : B(H) — > [0, +oo[ a map which 
satisfies 

u(T) ||T|| < 1 for all T G B(-ff). 
Consider the bundle TZ by setting 

Ra(T) = ip(av(T)T) + <p(av(T)T)*. 

The associated radius to the collection JC-ji is not necessarily admissible. 

3.3 Theorem. Let TZ be a bundle such that 

D 3 a -> G B(JJ) 

is harmonic in B /or eac/i A G B(H). Let IC = JC-jz be the collection of operators 
associated to the bundle TZ. Let T be a contraction of class Co with u(T) = 0, 
u an inner function, and let f G A{D). Assume that for any a G D there exist 
a function g a such that for any r > 

R a (f(T)M = g a (f(T)/r) + g a (f(T)/r)* 

and 

R a (f(S(u))/r) = g a (f(S(u))/r) + g a {f(S{u))/r)\ 

Then we have 

LO K {f(T))<UJ K {f{S{u)). 
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Recall that S(u) is unitarily equivalent to the extremal operator S* | Ker (u(S)*). 
For the proof of Theorem 13.31 we need the following lemma which will be 
also used in Sectional 

3.4 Lemma. Let u be a inner function and let f be a positive function in the 
subspace uHq of L 1 (T) . Then there exists a function h in H 2 Q uH 2 such that 
f=\hf. 

Proof. Since / £ uHq we have / = ufi, with f\ £ Hq. Then log|/| = log|/i| 
is Lebesgue integrable. According to theorem of Hoffman [HoJ there exists an 
outer function g in H 2 such that / = |g| 2 . Denote by E = H(u) the orthogonal 
in H 2 of the subspace uH 2 and write g = gi+ugz with respect to the orthogonal 
decomposition H 2 = E © uH 2 . We have g\ ^ since g is an outer function. 
Using the fact that g\ £ E, we obtain 



< ugl \h>= u(e it )gi(e it )h(e it )dm(t) = < g 1 \uh> = 0, 
Jo 

for all functions h in H 2 . Using the theorem of F. and M. Riesz |Ho| we get 



ugl£H 2 . (3.1) 



On the other hand, we have 



uf = u\g\ 2 = u\gi+ug 2 \ 2 



= u (,9i + ug 2 ) (gi + ug 2 ) 

= u \g\ | 2 + u \g 2 \ 2 + gig~2 + u 2 -g~[g 2 . 

Therefore 

992 = (gi + ug 2 )gi = u \g 2 \ 2 + g x gi = uf -u\gi\ 2 - u 2 glg 2 . 

Since / £ TiH^ and using (|3.1|) . we see that the three last terms belong to Hq. 
Hence g'gi £ Hq and for any polynomial p we have 

2tt 



< P9 I 92 >= / p(e lt )g(e u )g 2 (e*)dm(t) = 0. 



Since g is an outer function, it follows that g 2 — 0. The proof of the lemma is 
now complete. □ 

Proof of Theorem, \8.Si By the canonical factorization theorem, u can be de- 
composed as 

f 2 * e w + z 
u(z) = B(z)cxp[- -^—d^e)} 



ii 



z 



where B is a Blaschke product and /i is a positive measure on dD which is 
singular with respect to the Lebesgue measure. Using the spectral mapping 
theorem of a Co operator, we have 



cr(T) C £-!{()} U Supp(n) = cr(5(u)), 
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where Supp{jJL] is the support of [x. 

Let / be a non-identically zero function in A(H>). Using the spectral mapping 
theorem, we get 



a(J(T)) = f(a(T)) C f(a(S(u))) = a(f(S(u))). 



(3.2) 



Fix r > uj K (f(S(u))) and let a € D(0, l/(r H/H^)), a/0. We deduce from 
H3.2I) that r/a belongs to the resolvent of T. Therefore, for any x € H and every 
a in D(0, l/(r H/H^)), we can write 

< [K a (l^l) + R a (K9-) - I]x \ x > 
r r 



< 



(I - a ) +(I-a ) ~2I + g a { ) 

r r r 



r 



x | x > 



Recall that for any absolutely continuous contraction T and for any x, y € H, 
the function < K r j(T)x \ y > converge almost everywhere to a function xTy £ 
L l (dD) when r goes to 1. Since T is a Co contraction such that u{T) = 0, 
it follows |CCC1 Lemma 5.2] that x T .x g uHq. From Lemma, we get the 
existence of a function h in H 2 Q uH 2 = E such that xTx(e lt ) — |/i(e lt )| . We 
obtain 



< [K a { 



2 71 



) + R a { ) - I \x \x > 

r r 

1 1 



l-a^-^) i 



,/( ei 



+g a ( ) +g a ( ) 



a:Ta;(e")dm(t) 



1-5^) 1 



-g a { ) + g a {- 



< 



(I -a 



r r 

f(Su)\-l 



I^Ce**)! dm{t) 



)-i + (I_ 3 Z^»))-i 



2/ 



-9a{ ) + g a { ) 



< 



i^(^ ) + i?Q (Zi^l)_/ 



h\h> 

h\h> 



Since both sides of the previous equalities are harmonic inside the unit disc 
(with respect to the variable a) and coincide inside the disc D(0, l/(r WfW^j), 
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we get that for any a in the unit disc 

f(T\ 1 

x\x> (3.3) 



< 



r r 



and 

K a (l^)+R a (H&.)-I 



< 



h\h> (3.4) 



coincide. As r > uijc(f(S u )), we get the positivity of H3.3J1 . We obtain r > 
UK.{f{T)) and the proof is now complete. □ 

4 Applications of the previous results. 

We show in this section how the above constrained von Neumann inequalities 
can be applied in a variety of situations. We are not always looking for the most 
possible general inequalities. 

Applications of Theorem 12. 21 We denote by [x] the integer part of x, 
that is the least integer no greater than x. 

4.1 Corollary. Let n > 2. Let T 6 B(H) be a contraction such that T n = 0. 
Then, for each p > and each analytic polynomial p, we have 

u p {p{T)) < w,(p(0- 
In particular, for any m we have 

^(T"')<cos * k(m,n) :=[—]. 

k{m, n) + 2 m 

Proof. Let r < 1 be a positive number. Let Ti be H 2 in Theorem 12.21 Then 
Theorem l2.2l (ii), applied with rT instead of T, q(z) — z n and w = uj p , gives 

Make now r tends to 1. 

For the proof of the last part note that a majorant of the left-hand side 
will be uj2(S^ m ). But S"*™ 1 is unitarily equivalent to an orthogonal sum of 
shifts of smaller dimension, the largest dimension being k(m,n) + 1. There- 
fore u> 2 (S* m ) = W2(<S^( m .„) + i) is equal to cos fc , ^ +2 - The same computation 
follows from j^EI page 120]. □ 

4.2 Remark. The inequality U2(T m ) < cos(ir / (k(m, n) + 2)) can be deduced 
from the inequality (10 . 3f) of Haagerup and de la Harpe. Indeed, k = k(m, n) — 
i 11 ^-] implies that mk + m > n—1 and thus (T m ) k+1 — 0. Apply the Haagerup- 
de la Harpe inequality for T m . 
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In the general case, if p(z) = do + a\Z 



+ a n -iz r ' 



is a polynomial of 



degree less or equal than n — 1, then p(S*) is the following triangular Toeplitz 
matrix 

/a ai d 2 • • • d„_i \ 

do di • • • d„_2 

p(5;)= «o ••• a n _ 3 

V a o / 

Recall that we have the following reciprocity law of Ando and Nishio: 



w„(T) = (- - 1)W2- P (T). 

This shows that computations of uo p for < p < 1 follows from computations 
for 1 < p < 2. Using interpolation properties of w p (see [FH, p. 296]), the law of 
Ando and Nishio, Corollary 14, II and a result from [Ej Lemma 5] concerning the 
numerical range of Toeplitz matrices we get the next result. 

4.3 Corollary. Let n > 2. Let T G B(H) be a contraction such that T n = 0. 
Letp(z) = do + diz + - • - + a n -iz r ' 
n-1. Let 6 e E. We have 



be an analytic polynomial of degree at most 



u p (p(T)) < \j - 1 J ||p 
i/ p e]0, 1], and 

w„(p(t)) < lbll 2 j p 

i/pG [1,2]. 



inf B up{|p(C)|:CeC,C 2w - 1 = e <fl } 



inf sup{|p(C)| :(6C ) ( 2n - 1 = e i9 } 



1P-1 



We refer to the proof of Theorem 15.41 for a better estimate of U2(p(S*)) for 
polynomials of the form p(z) = ; this yields (Theorem l6.2H an estimate 

for Lu 2 {T k + T l ). 

If the polynomial q of degree d is given by 

q(z) = b + b\z H V bdz d , 

then Ker (q(S*)) consists of all sequences (y r ) € £2 satisfying 

bdVr+d + bd-iVr+d-i H b y r = 

for r = 0, 1, 2, — This linear recurrence has a d-dimensional solution space and 
if all the zeros of q have modulus less than one then all solutions lie in £2- In 
this case Ker (q(S 1 *)) has dimension d. 

We refer to |PY| for the matrix of S* | Ker (q(S*)) with respect to some 
orthonormal basis of Ker (q(S*)) and, for instance, to [££B] and the references 
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therein for a discussion on how the numerical radius of a matrix can be esti- 
mated / computed. 

Recall |Alj that T G B(H) is called a 2-hypercontraction if 

I - T*T > and I- 2T*T + T* 2 T 2 > 0. 

4.4 Corollary. Let T G B(H) be a nilpotent 2-hypercontraction with T n = 0, 
n > 2. Then 

for all p > and all polynomials p. Here -B* G B(C n ) is given by the matrix 







S* 
•n — 









V o 



n+1 





Proof. Let r < 1 be a fixed positive real number. Consider H — L 2 a {p) the 
Bergman space of all analytic functions on D satisfying 



l/ll 



- f \f{r^)\ 2 dA <oo, 



where dA is the area Lebesgue measure. In this case C{w,z) = (1 — 2wz + 
w 2 z 2 )~ 1 and Ji is a D-space satisfying axiom (AEM) with ipj( z ) = V3 + 
and f m {w, z) = (to + — mw m+1 z m+1 . Then Z* is unitarily equivalent 

to the Bergman shift B* , where B is given by _Be p = yj 2i|e p +i for a suitable 

orthonormal basis (e p ). 

We have \\rT\\ < 1, {rT) m -> strongly and also [Al] 

/ - 2(rT)*(rT) + (rT)* 2 (rT) 2 > 0. 

It follows from |AEM| Example 2] that rT satisfies condition (ii) of Theorem 
IP It follows from Theorem l2~2l that 

w p (p(rT)) < w p (p(B;)), 

since i3* is unitarily equivalent to | Ker (B* n ). This holds for all r < 1 ; it 
also holds for r = 1. □ 

The numerical radius of can be expressed [S] in terms of the smallest 
positive root of a polynomial involving circularly symmetric functions. To give 
a flavor of what can be done, we prove here the following inequalities. 
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4.5 Corollary. Suppose T € B(H) satisfies \\T\\ < 1, T 3 = and I — 2T*T - 
T* 2 T 2 > 0. Then 

^2(T) < J — and w 2 (T 2 ) < 
and these constants are the best possible ones. 

Proof. We have to compute u}2{B*) and u}2(B* 2 ) for n = 3. This can be done 
using [S] or in the following (equivalent) way. Consider the symmetric n x n 
matrix 



A n — B* + B n — 











V 



\ 




n+l 




J 



Let 9 be a real number. If D(0) denotes the diagonal matrix with e 1 ^ 6 , 
1, . . . ,n, on the main diagonal, then we have D(9)* (e i6 B n + e~ t6 5* )£>(#) = A n . 
Recall that 

wa(T) = ~ sup \\e M T + e- l6 T*\\. 



Therefore 



lj 2 (B*) = -sup\\e* e B n 

6 fl(=M 



su V \\D(e)*(e^B n + e-^B*)D(e)\ 



= - 2 \\A n \\. 

Since \A n is hermitian, its norm coincides with its largest eigenvalue. For n = 3 
it is equal to ^/7/24. In a similar way, the numerical radius of B^ 2 is the spectral 
radius of \{Bf + £§), that is y/l/12. □ 

Note that the inequality 



0J2{T 2 ) <J—= 0.2886 



is an improvement of the inequality 
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"aCH < w 2 (T) 2 < — = 0.2916. 
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Inequalities for n-tuples of operators. Theorem l2.2l can be applied also 
for n-tuples of commuting operators T = (T\,--- ,T„) G B(H) n , n > 1. In 
fact, anytime we dispose of a model operator, the techniques of Section 2 can 
be used to obtain constrained von Neumann inequalities. We give only one 
example using the model of Vasilescu It corresponds, using the notation of 
Section 2, to the domain 

D = {ze C" :J2 c v\ z j\ 2 < 1,1<« <m}. 

3 

This generalizes previous models for the unit ball in C" and for the unit polydisc 
(cf . the references in [V]L 

Let to > 1 be a fixed integer. Let p = (pi,-- - ,p m ) be a family of complex 
polynomials 

Pj(z) = 1 - cjizi - . . . - c jn z n , 
for j = 1, • • • , m, z = (zi, ■ ■ ■ , z n ) e C n such that 

• Cjk > for all indices j and k ; 

• for every fc G {1, • • • , n} there is j G {1, • • • , to} such that Cjk ^ 

• pj is identical 1 for no indice j. 
The case 

Pj{ z ) = l ~ z j l<J<n, 
corresponds to the unit polydisc in C™, while 

= 1 - z\ z n 

corrsponds to the unit ball. 

If 7 = • • • , 7m ) g Zip, we set 

P ~<(z)=p 1 (zyi---p m (zy™ (zgc"). 

Define 

n 

Vr,j = c jk M r k , j = 1, • • • , to, 
fc=l 

and Vt = (Vti > • ' " > ^t„)- Define 

= (7 - y Til )^ •••(/- V T ., m ) lm (Ih) , 

where Jjj is the identity on H and I = Ib{h) is the identity on B(H). Let 
7 > (1, . . . , 1). We say [Y| that T G B(H) n satisfies the positivity condition 
(p, 7) if 

A^ > 0, for all 13,0 < /3 < 7. 

We denote by S^'^ G B(^2(Z",C)) the backwards multishift of type (p, 7) as 
defined in ^ (in fact, S^-^ ® is the model there). 
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4.6 Corollary. Suppose, with notation as above, that 7 > (1, . . . , 1). Let T £ 
B(H) n be a n-tuple of commuting operators satisfying the positivity condition 
(p, 7) and the constraint q{T) — for a fixed polynomial q in n variables. Then, 
for any admissible radius uj and any polynomial f in n variables, we have 

w(/(T)) < u(f(S^) I Ker q{S^))) . 

Proof. Let r G]0, 1[. It was proved in JJ] Proposition 3.15] that rT is unitarily 
equivalent to the restriction of S^' 1 ^ ® Ih to an invariant subspace. Using the 
admissibility of uj, the fact that q{T) = 0, and making r — > 1 at the end, we 
obtain the desired inequality. □ 

A proof of the above corollary can be given using directly Theorem 12. 21 (cf . 
Example (5) in [AEM ). The unconstrained von Neumann inequality in this 
case, for the operator norm, is Proposition 3.15]. 

Applications of Theorem 12.31 The following result is obtained from 
Theorem l2.3l in the classical case H = H 2 . 

4.7 Corollary. Let T £ B(H) be a Hilbert space contraction such that Q(T*,T) = 
for a given Q £ P(C) of degree d with Q(e~ lt ,e lt ) 7^ for some t £ ]R. Then 
there exists an invariant subspace E for the backward shift S* on H 2 such that 

lo p (P(T*,T))<uj p (P(S e ,S* e )) 

for all p e]0, 2] and all P £ P(C). Here Se £ B(E) is the adjoint of S E = S* \ 
E. 

It follows from the proof of Theorem l2.3l tha,t the space E in the above corol- 
lary is given by E = Ker S* d Q(S, S*). The following is a possible application. 

4.8 Corollary. Let m > n > 1 be two positive integers. Let T £ B(H) be a 
contraction and suppose that T* m = T n . Let p s]0, 2] and let P £ P{C). Then 

lu p (P(T*,T)) < uj p (P(S m+n ,S* m+n )); 

in particular, 

uj 2 (T 1 )) < cos- . -. - 

y "~ [(to + n - + 2 

for all I with 1 < I < m + n — 1 . 

Proof. Set Q{w, z) = w m - z n . We have Q{e~ lt , e u ) ^ for some t £ R. Note 
that S on H 2 is unitarily equivalent to the forward shift on S on fe. We have 
S* m Q(S, S*)=I- S* (m+n K Then E = Ker S* m Q(S, S*) is given by 

E = {{h , hi,..., h p -i,h , hi,..., h p -i,h , ■ ■ ■) : hk 6 C for < k < p}, 

where p = m + n. Thus S E = S* \ E is unitarily equivalent to Sp^°°\ Since u> p 
is strongly admissible for p < 2, we obtain 

u p {P{T*,T)) < u p (P{S m+n ,S* m+n )). 

The second inequality is obtained for P(w, z) = z l . □ 
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Applications of Theorem 13.31 Theorem 13.31 can be applied for instance 
to bundles of the following type. Let (p n )n>Q be a sequence of polynomials 
which is uniformly bounded on the closed unit disc. Suppose v : B(H) — > [0, oo[ 
is such that v(T) ||T|| < 1. Let U be a non trivial ultrafilter on Z + . For any 
a G D and any T G B(H), set 

R a {T) = lim[ Pn (v(T)T) + Pn (v(T)T)*}. 

Denote K. — K.r the collection of operators associated to the previous denned 
bundle R. Let ujk, be the associated operator radius. With these notations and 
using Theorem 13.31 we obtain the following result. 

4.9 Corollary. Assume that u is a finite Blaschke product. Suppose that T is 
a Co contraction such that u(T) = and v(T) — v(S u ). Then, with notation as 
above, 

w k (J(F))<uk(J(S(u))) 

for each f G A(B). 



5 Bounds of coefficients of positive rational func- 
tions 

There are many classical inequalities for coefficients of (positive) trigonometric 
polynomials. The next result shows the links between the numerical radius of 
the extremal operator in the constrained von Neumann inequalities and the 
Taylor coefficients of rational functions positive on T. 

5.1 Theorem. Let F — P/Q be a rational function with no principal part and 
which is positive on the torus. Then the Taylor coefficient Ck of order k satisfies 
the following inequality 

|c fe | < c LU 2 (R k ), 

where R = S* \ Ker {Q{S*)). 

Proof. First, observe that by continuity we may assume that F is strictly posi- 
tive on the torus. Let F = P/Q be a rational function without principal part, 
that is we have d°(P) < d°(Q) for the degrees. Assume that F(z) > for every 
z G T. Denote by fli,...,f3 g the zeros of Q which are contained in the open unit 
disc D and write Q(z) — (z — (3i) dl ...(z — P q ) dq Q 2 (z), where Q2 has no zero in D. 
Consider the function G(z) = F(l/z) which is analytic, except at a finite set of 
complex numbers. Since F is real on the torus, we have G{e lt ) — F{e lt ) — F{e lt ) 
for every tel. The analytic extension principle implies that F(z) = G(z) ex- 
cept for a finite set in C. Thus F(z) can be written in the following way 



Qi(z)Q 2 (zV 
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where Q x (z) = (z - [3i) dl ...(z - (3 q ) d « and Q 2 (z) = (1 - f3 1 z) d \..{l - ( 3 q z) d «. 
Because of the condition F(z) = F(l/z), we have P(z) — z 2d P(l/z) where 
d = di + ... + d q = d°(Q)/2. If P(a) = 0, with a ^ 0, then necessarily 
P{l/a) = 0. Therefore P can be written as 

P(z) = cz mo (z - ai) mi ...(z - a p ) m "(l -STz) mi ...(l - o^z) m ? 

with a suitable constant c. We have d = mi + ... + m p . Finally, we get 

Pi{e lt ) 2 



F{e lt ) = 



with d°(P x ) < d°(Q 2 ) and c> 0. Note that 

fMgj \ \ " CLk,i 

for some a fe! , G C. It follows that Pi(z)/Q 1 (z) E E := H 2 bH 2 , where b is the 
associated Blaschke product defined by 



b(z) = ik^^rK 

J -- L 1-OLhZ 



k=l 

It follows from Lemma, that we have F — |/| 2 with a suitable f £ E. 

Denote by R the restriction of the backward shift S* to the invariant sub- 
space Ker Q(S)*. Then, for any integer k, we get 

\c k \ = \<R k f\f>\< u> 2 (R k ) \\f\\l = c 2 (i? fe ) \\F\l, = Lo 2 (R k )c . 

This ends the proof. □ 

Setting Q(z) = z n ~ x in the previous theorem, and using previous computa- 
tions of the numerical radii, we obtain the following classical inequality due to 
E.V. Egervary and O. Szazs (1927). The bound for ci is due to L. Fejer (1915). 

5.2 Corollary (Egervary-Szazs). Let P(e lt ) = Xw=-n+l c J e * 3 * ^ e a positive 
trigonometric polynomial (n>2). Then 

\c k \ < cqcos( — ^ | - ) for 1 < k < n- 1. 

5.3 Remark. We note the amuzing consequence that Fejer's inequality for |ci| 
implies, via operator inequalities, the Egervary-Szazs inequality. Indeed, by 
|HHj . Fejer's inequality implies the Haagerup-de la Harpe inequality (|f).3|) . By 
Remark FOl this implies a bound for uj2(T m ), which in turn implies, as in [HH , 
the Egervary-Szazs inequality. 

The next result gives estimates involving two coefficients of a positive trigono- 
metric polynomial. 
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5.4 Theorem. Let P(e lt ) = Y^j=- n +i c i e ^ t be a positive trigonometric poly- 
nomial (n>2). Then, for every distinct numbers k and I among {0; ...,n— 1}, 
there exists 7 <E M. such that 

\c k \ + \c l \<c u J2 {S k n + ^S l n ). 

In particular, we have 

( - \ 1/2 ( - V /2 

\Ck\ + \ci\ < C 1 + COS — jz ■ - 1 + COS - ^ 



Proof. We can assume that co = 1. Since P is positive, we have P — \Q\ 2 for 
some Q G C„_i[X], the space of all polynomials of degree less or equal to n — 1. 
For any k,l, there exists 7 such that 



|cfe| + |q| = c fe + e l7 Q 



/"V* + e 4 ^+^) \Q(e m )\ 2 dm{9) 
Jo 



We deduce from the equality ||Q|| 2 = cq = 1 that 

\c k \ + \ Cl \<uj 2 {S k n +e^S l n ). 
Denote M = w 2 (S* + e^S l n ). We have 



M — sup sup Re e 

||fl||,<l a£l 



/■27T 

" / (e* fee + e i(i( ' +7) )|#(e i "')| dm{6) 

1 1 

2 sup sup / cos(-[(fc + 06' + 7 + 2a])cos(-[(/c-06 , -7)]) 

||_R||,<1 aGR JO 2 2 



:|| 

x \R(e m )\ 2 dm(6) 



< 2( sup sup/ cos 2 (i[(fc + /)0 + 7 + 2a]) |i?(e iie )| 2 dm(0) J 
Vll«ll2<i«eRio 2 / 



1/2 

x 



||/?|L<1 Jo 



2tt 



2c ^ r/";„ A/) ,,11 I Df„il0* i 2 



1/2 



sup / cos 2 (-[(fc-Z)0-7])LR(e*"') dm(0) 



'2 



Let R be in C„_i[X] with ||i?|| 2 < 1. Since L(e 4 *) = R(e % ^—^r>) is also 
in C n _i[X] and of norm less or equal to one, we obtain, using the rotation 
invariance of the Haar measure, that 

r 2 ^ 1 2 
sup sup / cos 2 (-[(k + l)9 + 1 + 2a])\R(e M )\ dm{9) 

«SR ||fl|| 2 <l JO 2 

= sup / cos 2 ((^il)t) \L(e ut )\ 2 dm(9) 
\\L\\ 2 <iJo 2 

= \ + \ sup ^ co S ((k + l)t)\L(e iH )\ 2 dm(e) = hl+u, 2 (S*+ 1 )). 

2 <M|L||,<lJo 2 
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In a similar way 



sup / * cos 2 (i[(fc + 1)6 - 7]) \R(e iie )\ 2 dm(6) = hl + co 2 (St 1 ))- 



\\R\\ 2 <lJ0 



Finally, we obtain 



\c k \ + h\ < ^l + Lo 2 {S^ +l )^l + Lo 2 {St l ) 



Since u 2 (SP) = cos( 



■( rn-T, )j we get the desired result. 



□ 



5.5 Remark, (a) For I = we reobtain the Egervary-Szazs inequality, 
(b) When k + I > n — 1, we get from Theorem 15.41 that 



This estimate is better than that one obtained by applying twice the Egervary- 
Szazs inequality. 

(c) In some particular cases, it is possible to compute exactly the numerical 
radius M = cu 2 {S* + e^S l n ). Suppose n = 9, k = 3, I = 7. It follows from |T)H] 
that M = cos(7r/10) if 7 = 0. The method from |DH| does not seem to apply 
for an arbitrary 7. 

6 Other type of constraints 

The constraints until now were of algebraic type (q(T) = or Q(T*,T) = 0). 
We discuss briefly constraints of different nature. 

Some positivity conditions. We discuss constrained von Neumann in- 
equalities for the numerical radius uj 2 of an operator satisfying some positivity 
conditions R X (T*,T) > for A e T. 

6.1 Proposition. Let n > 2 be a positive integer and let pk, < k < n — 1, be n 
positive reals with po — 1. Let T S B(H) be an operator such that R\(T*, T) > 
for A € T, where 




In particular, if n > 4, we obtain 





(6.1) 



Then 



io 2 {T m ) < p m cos 



TT 




for each m £ {1,2,..., 



n-1}. 
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Proof. Let h € H be a norm-one vector and let 6 £ R. Set 



^-(ft|Tl*lft) 



and 



*n(0) 



Cfcf 



if jfe = 
if k> 
if jfe < 



fe=-n+l 

Then t n is a positive trigonometric polynomial since 

t n (0) = (R eMit) (T*,T)h\h). 
According to the Egervary-Szazs inequality, we have 

±\(T m h\h)\ = \c m \<co S (—^- 



which gives the desired inequality. 



□ 



If pk — lj for each k < n — 1, then R\(T*, T) in Equation llfi.lll are the nth 
sections of the operator kernel K\(T). 

In fact, the following more general result holds. 

6.2 Theorem. Let n > 2 be a positive integer and let pk, < k < n — 1, be n 
positive reals with po = 1. £ei T £ B{H) be an operator such that R\(T* , T) > 
for A € T, where R\(w, z) are given by kfi.l\) . Then, for any strongly admissible 
radius v and any m € {0, 2, . . . , n — 1}, we have 

v(T m ) < PmV (S* n m )- 

Moreover, ifm and I are distinct numbers among {0; n— 1} and if additionally 
Pm = pi, then 

v{T m + T l ) < p m u(S* m + S* 1 ). 

In particular, we have 



uj p {T m + T l ) < I - - lj 2 p p, 
if p G]0, 1], and 

oj p (T m + T l ) < 2 2 - f >pP- 1 

i/pe]i,2]. 



1 + cos ■ 



n-l l 



1 + cos ■ 



n-1 1 



1 + cos ■ 



n— 1 1 
m+/-l 



1 + cos ■ 



L\m-l\l 
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Its proof follows from Theorem 15 .41 interpolation properties of ui p (see |FH1 
p. 296]) and the following generalization of a result of W. Arveson (obtained in 
(23 for p k = l,k> 1). 

6.3 Theorem. Let T G B(H) be a contraction and let n > 2. Suppose T 
satisfies R\(T*,T) > for all A € T, where R\(w,z) are given by \6.1\l . Then 
there is a Hilbert space K D H and a nilpotent contraction N 6 B{K) such that 
N n = 0, N is unitarily equivalent to Sn^ d \ d finite or oo, and = pjPnN^ \ H 
for j = 0, 1, ■ • • ,n-l. 

Proof. The idea of the proof is that of |Arj and some details will be omitted 
below. Define a linear map ip from span{S^> : < j < n — 1} onto span{j-T^ : 

< j < n — 1} by (p(S^) = — T J and by linearity. Define the map ip : C(T) — » 

B(H) by 

ip(f) = [ f(e w )R cMie) (T*,T)de . 
Z7r Jo 

It is a positive linear map. Note that VK 2 "') = f° r J = 0,1,-- - ,n — 1 and 

ipizi) — for j > n, where z{9) = 6. It is known that a positive linear map 
on a commutative C*-algebra is completely positive and a completely positive 
map which preserves the identity is completely contractive |Paj . The restriction 
^0 of ifj on the disc algebra (the closed linear span in C(T) of 1, z, z 2 , ■ ■ ■ ) is a 
completely contractive linear map such that 4'o(z : ') = j-T^ for j = 0, 1, • • ■ , n— 1 

and ipoizi) = for j > n. It vanishes on the ideal z n A and thus it induces a 
completely contractive linear map ipoo of the quotient A/z n A into B{H). It 
was proved in |Arj that p(S^) — z J + z n A defines a completely isometric linear 
map of span{I , S*, ■ ■ ■ jS"*™ -1 } onto A/z n A. The original map <p — tpooP is 
thus completely contractive. Since ip(I) = I,ip has jPaj a completely positive 
extension to C*(S*) = B(C n ). Stinespring's theorem jPaj furnishes then a 
unital C*-representation ir. Then N — ir(S^) gives, as in |Ar| . the desired 
representation. □ 

In the case pk = 1 for all fc, studied in |Arj . the converse of Theorem 16. 31 also 
holds. Also, an operator T satisfies 

n-i 

/ + 2 Re zk T k ^ °> for each z e T > 

k=l 

if and only if |Arj 

2Re(7 - zT)*z n T n <I- T*T, for each z e T . 
In particular this holds if T satisfies T n = and I — T*T > 0. 

Stability of the algebraic constraints. In what follows e > is supposed 
to be a (fixed) small positive number. We study what happens if the constraint 
q(T) = is replaced by ||<?(T)|| < e. 
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6.4 Proposition. Let q be a polynomial. For each e > there exists S > 
such that every contraction T 6 B(H) with \\q(T)\\ < S satisfies 

u P {T)< e + u p (S*\Ker q(S*)) 

for every p G]0, 2] . 

Proof. By |Hel Corollary 2.22], for every e > there is <$ > such that, if 
||T|| < 1 and ||<?(T)|| < 5, then there exists T' € B(H) such that g(T') = and 
\\T — T'\\ < e. Note also that oj p is a norm for p < 2. We thus have 

u p (T) < lo p {T-T')+uj p {T') 

< \\T~T'\\+uj p {T') 

< e + w„(5*|Ker q(S*)). 

The proof is complete. □ 

It was proved in |H£1 Theorem 2.21] that if ||T|| < 1 and ||T n || < e, then 
there exists T e B{H) such that T n = and \\T — T'\\ < S n {e), where S n (e) is 
defined inductively by 

8 2 {e) = {2ef/ 2 and 5 k {e) = {e + - l)V~e)] 2 } 1/2 . 

This implies that if ||T|| < 1 and ||T"|| < e then 

w 2 (T) <cos(— )+<5 n (e). 
n + 1 

Note that lim e ^o 5 n {e) = 0. 

The following result gives a better bound for small e; we obtain the Haagerup- 
de la Harpe inequality for e — > 0. 

6.5 Theorem. Lei n > 2 be a positive integer. Suppose T e £>(-ff) is a con- 
traction satisfying \\T n \\ < e and 

E ii Tfe ii<+^- 

fc>n+l 

T/ierc 

1 V3 / ^ \ 2/3 



wa(T) < cos(^-) + 3 
n + 1 



7T COS 4 



< cos(— ^— ) + 3^ 



2(n + l) 

2/3 



n + 1 



*n + 1 \ n + 1 

The proof uses the following epsilonized Fejer inequality. Note that an ep- 
silonized version of the Egervary-Szazs inequality can be proved along the same 
lines. 
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6.6 Lemma (The epsilonized Fejer inequality). Let h be a positive func- 
tion, 

h{9) = c™e me , 
such that J2m£Z l c ™l < 00 w ^ c o = 1 an d l c fe| < e f or k > n. Then 



|ci| <cos(— -)+3 
n + 1 



n 1/3 



7T COS 



2(n+l) 



n + 1 



2/3 



Proof. The following result has been proved in Q] Example 4(a)] : Let / be the 
Fourier transform of a non-negative integrable function ip : 



e ixt cp(t) alt. 



Let u > and suppose that /(0) = 1 and \f(ku)\ < e for k > n. Then 

* C0S O + 3 H 2(^TT)] (^if 3 • 

This is a generalization of a result due to Boas and Kac |BK| for band-limited 
functions. 

Set now ip{t) = h(—t), t € [— 7r,7r]. Consider / the Fourier transform of tp. 
Then /(0) = cq = 1, f(k) = Ck and thus |/(fc)| < e for k > n + 1. We can now 
apply p| with u = 1. □ 

Proof of Theorem \6.5l The proof is similar to the proof of Proposition 16.11 By 
replacing eventually T by rT, < r < 1, it is possible to assume that the 
spectrum of T is contained in D. For each norm-one vector h £ H and 9 £ K, 
set 

1 

(T k h\h) 
{h\T\ k \h) 



Ck (= Ck{h)) 



if k = 
if fe > 
if fe < 



and 



h{6) = y^c k e 



ik() 



Then X) TO ez l c « l l < 00 • Note also that 

h(9) = (K cMlt) (T)h\h) 

and the operator kernel 

K cxp{lt) (T) = (I- e«T*)-\l - T*T)(J - e^T)" 1 

is positive since T is a contraction. We use now the epsilonized Fejer inequality. 

□ 
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6.7 Corollary. Let n and m be two positive integers such that m > n > 2. 
Suppose T € B(H) is a contraction satisfying \\T n \\ < e and T m — 0. Then 



^(T) < min 



7T TT 

cos( -) ; cos( 



v m + 1' 



n + 1 



) + 3, 



n + 1 



2/3 
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